WKB SOLUTIONS FOR MICRODIFFERENTIAL EQUATIONS WITH FRACTIONAL POWER SINGULARITIES (Microlocal Analysis and Related Topics) by 千葉, 康生
Title
WKB SOLUTIONS FOR MICRODIFFERENTIAL
EQUATIONS WITH FRACTIONAL POWER
SINGULARITIES (Microlocal Analysis and Related Topics)
Author(s)千葉, 康生








WKB SOLUTIONS FOR MICRODIFFERENTIAL EQUATIONS WITH
FRACTIONAL POWER SINGULARITIES
(CHIBA, Yasuo)
Graduate School of Mathematical Sciences,
The University of Tokyo
1.
$=0$ $m$ (turlring point) , $\tau$
$\mathbb{R}$ :
(1.1) $P(.x, \partial_{x},\tau)\iota t(X,T)=(\sum_{i=0}^{\prime n}a_{j}(.x, \tau)\partial_{X}^{\mathit{1}n-j)u(\mathrm{Y}_{\}T)},\cdot$
$=(\partial_{X^{\sim}}^{m}+a_{1}(x,\tau)\partial_{x}^{n\mathrm{J}-1}+a_{2}.(.x,\tau)\partial_{x}^{l\dagger t-2}+\cdots+a_{tn}$ (-Y, $T$ ) $)u(x,\tau)=0$ .
$d/dx$. , $a_{j}(.x,\tau)=\Sigma_{k=0}^{j}a_{jk}(\sim x\dot{)}\tau^{k}, a_{00}.(x)=1$ , $a_{jk}.(x.)(k=$
$0,1,$ $\cdots,j;j=1,$ $\cdots,m\rangle$ $x=0$ . , $P$
$X=0$
(1.2) $\sigma(P)(x,\xi,\tau.)=\prod_{j=1}^{\prime n}(\xi-\sqrt{-1}x^{\lambda}\alpha_{j}(.\cdot x.)\tau.)$
. $\lambda$ , $\alpha_{J}(x.)(j=1,2,\cdots,t7l)$ $\lambda’=0$
.
, WKB
, , . , $\tau$
,
(1.3) $P(X, \partial_{X},\partial_{t}.\cdot)u(x,t.\cdot.)=.(_{j-0}\sum_{--}^{;n}a_{j}(x,\partial_{t})\partial_{\mathrm{Y}}^{tn-j)u(x,t)}\sim.\cdot$
$=$ { $\partial_{\mathrm{v}}^{l\hslash},+a_{1}(_{d}\tau,\partial_{t})$ $-1+a_{2}(x,\partial_{t})\partial_{\acute{X}}^{n-2}+\cdots+a,\hslash$
( $=\mathrm{r}J/rJx,$ $\partial_{t}=\partial/\partial \mathrm{r}$ )
.
1( ). $\alpha_{j}(\lambda’)\langle j=12,$ $\cdots,m.$)} $x$ , $\alpha_{j}(0^{\cdot})$
.
2(Levi ). $k=0,1,$ $\cdots,j;j=1,2,$ $\cdots$ } f ,
(1.4) $\partial_{x}^{s}a_{jk}(.0)=0,0\leq s<k(.\lambda+1)-j$.





$\mathrm{S}\mathrm{S}(u)\bigcap_{\iota}^{t}.1:>0\}\subset H_{j}(x.,\xi,\tau.)$ . $(*)$
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, $H_{j}\langle.x,\xi,$ $\tau$) $\{\xi-\sqrt{-1}^{\chi}x’\alpha_{j}(x)\tau=0\}(\mathrm{i}=1,2, \cdots,m)$ .
$(*)$ $u(x,t.)$ $j$ (Yamane [Y] ) $j- \mathrm{p}n1^{-}\mathrm{e}$
. , $\overline{J}^{-}\mathrm{P}^{11\mathrm{r}\mathrm{e}}$ , $u(+0,t)$
$\langle k=0,1\rangle\ldots$ ,rn-l) .
( ), Alinhac,
Takasaki, Amano-Nakamura . , Amano-Nakamura [AN]
. $x=0$ Cauchy $\mathrm{L}$,
Stokes , . $m=2$ ,
2 , , $m\geq 3$
4
Yalnane [Yl $m=3,$ $\lambda=1$ ( $(\partial_{X}-x\sqrt)\partial_{x}(\partial_{\mathrm{A}’}$
Xr]l)+( ) $)$ Legendre .
, Uchikoshi [Ul , $\lambda$ , ${\rm Im}\alpha_{j}(.0)\neq$. $0$
Levi ,
. , $i$-pure .
, $m$ Stokes
, Kataoka [Ktl , Legendre
.
.






. , $Q$ $b^{\grave{\dot{\tilde{\mathrm{J}}}}}\mathrm{v}\vee$
. , $v$ $\{y\geq 0\}$ 5
, $\{\tau>0\}$ , $(.y_{7}t)$ $(.74I,l.)$
$\mathrm{L}\mathrm{e}\mathrm{g}\mathrm{e}11\mathrm{d}1^{\neg}\mathrm{e}$
( $1.6\rangle$ $\beta\circ*\circ\beta^{-1}$ : $\{$
$\partial_{y}\mapsto-\sqrt{-1}\mathrm{t}\mathrm{t}^{J}\partial_{t}$ , $\partial_{f}$. $\mapsto\partial_{t}$ ,
$y\mapsto-\sqrt{-1}\partial_{w}(\partial_{t})^{-1}$ , $t$. $\mapsto t+\partial_{v},w(\partial_{l}.)^{-1}$
. , $\beta[\tau’](w,t)$ $w$ $/^{\backslash }\backslash \mathrm{o}$ 7 , $\{\mathrm{t}\mathrm{t}\cdot’\in \mathbb{C}\mathrm{P}^{1} ;{\rm Im} w<0\}$
. ^. , $\beta[\iota’](.\}\mathrm{t}_{\wedge}^{1}t)$
$w=\infty$
$\beta[\iota J](\mathrm{y}\cdot\varphi,t)=\iota\nu-1V(\mathrm{t}t’-1/(\lambda+1),t.)$
. V $\mathfrak{l}.z$ , $\sim 7=0$ $(_{\overline{4}}.’ t.)$
, , , .\mbox{\boldmath $\tau$}1
, $\partial_{\iota\iota’}^{1/(\lambda+1)}$ .
, $w=\infty$ , $q=2,3,4,$ $\cdots,$ $l,m=0,1,2,\cdots$ ,









$0\leq k\leq\langle s+\overline{j)}/\{\lambda$ 1)
. , $E_{k},$ $=$ 4n-k-ll—0 $\{(.\lambda+1)\partial_{)\nu}w-l\}$ , 2 $\ovalbox{\tt\small REJECT}$ El Levi
, , $\beta\circ Q\circ\beta^{-1}$ , $k=(.s+j)/(\lambda+1)$
, , $w$ $;n$
.
$L=$










$0\underline{<..}j’\underline{\backslash }k\underline{\prime\backslash }\prime n$
’
, $L$
L=0\leq k.’\Sigma \leq k\leq .’na^{A),k ;EA.
. 7 $L$
( ). $\prod_{j=1}^{\hslash l}$ (.Y -\mbox{\boldmath $\alpha$},(O))
, $w=-\alpha_{1}(0),$ $-\%(0),$ $\cdots,$ $-\alpha_{n\mathrm{z}}(0),\infty$ .
3. $\uparrow\uparrow\cdot’=-\alpha_{j}\dot{(}0$ ) $(j=1,2, \cdots ,m)$ $L$ . ,
$-\alpha_{\mathrm{I}}(.x)$ 0( ? $a_{n’ n},(.x.)=0$ , $l_{\backslash }.l’$
$a_{mm}^{t}\equiv 0,\tilde{a}_{r\iota tf\iota}^{l’},\equiv 0$ )
, .









$(.j=1,2, \cdots,/n;k=0_{:}1_{2}2, \cdots,m-1)$ . ,
$\det(\sigma_{k/(\lambda+1)}(R_{jk}(\tau)).)_{j=1,2,\cdots,\prime\hslash}$ $\neq 0$





12. $(0,0;0, \sqrt{-1}\dot{\tau})$ ,
(1.8) $P(.x,\partial_{\lambda}.,\partial_{\mathrm{f}})u(.\lrcorner x,t)=0,$ $.\mathrm{Y}>0$
nd $u(.x, t.)\in?\{x=0\}|\{x\geq 0\backslash \}$ , $i- pul’e$ .
2.
, Legendre $(.\beta\circ Q\circ\beta^{-1}.)\beta[1’]=0$
.
, , $f(t)$ ,
:
(2.1) $U(1 \not\in J_{\backslash ,\prime}\tau)=\sum_{j=0}^{\infty}U_{j}(w)\tau.-\frac{J}{i\mathrm{t}+1}$ .
$U(\backslash \cdot \mathfrak{l}" \tau)$ , $w=\infty$
$U( \mathrm{Y}\cdot 1’,\tau\dot{)}=\sum_{j=0}^{\infty}u_{j}1\{:-1-\frac{j}{\lambda\dashv- 1}\tau^{-\frac{j-}{\overline{\lambda}\overline+1}}$




$\sum_{-,0^{l\geq 0}\leq J\leq k^{-}\underline{\backslash ^{J}}l7l}\tilde{a}k^{\vee}\partial_{\mathrm{t}\prime}^{\overline{\lambda+1}}t^{\prime’}+j\partial_{t}^{-\frac{\mathit{1}’}{\lambda+1}}E_{k}U(j\prime l4’,\mathrm{r}\mathit{1}_{t}.)=0$
.
, $L$ :
(2.3) L=o\leq k\Sigma ,\leq .k\leq $a_{k’k^{\vee}}\partial_{\mathrm{t}\mathrm{t}’}^{\mathrm{A}’}\triangleleft.E_{k^{\sim}}$
, $LU$ $j$ ,
( $2.4’\rangle$ ( )j=LUj=O\leq kj’\Sigma \geq \leq 0k\leq $a_{\lambda’k}.\partial_{\dagger\nu}^{k’}\triangleleft(E_{k}^{l}U_{j})$.
, ,
(2.5) $R(w,\partial_{w},\partial_{t}.)=(\beta\circ Q\circ\beta^{-1}.)(\}\sqrt?,\partial_{\mathrm{t}\mathrm{t}’\backslash }.\partial_{t}\dot{)}-L(w,\Gamma)_{w})$
=0\leq kl\Sigma ,\gamma \geq \leq Al.\leq ma-tk’,k +--\lambda f+\acute 1[
18
$\langle$ $|\tilde{a}_{k^{t}k}^{t’}|\sim C^{l’+1},$ $C$ ) , $(R\circ U.)_{i}$ $\ovalbox{\tt\small REJECT}$
(2.6)
$(.R \circ U_{\dot{\grave{j}}_{j}}=\sum_{j=i’+l’,l’\geq 1}\tilde{a}_{k’k}\partial_{\}|f}^{k^{\prime l’}}ll+\mp\downarrow 1(E_{k^{-}}U_{j’})0\leq\kappa^{J}\leq k\leq t\Pi$
$\mathrm{m}\mathrm{o}\mathrm{d}_{t_{-\mathbb{R}_{1\nu}>’\mathbb{R}_{t}}}^{p\mathbb{R}}\circ.\cdot\partial_{r\nu}$ .
. $\mathrm{L}$, , $R$ $L$ $\mathrm{J}7l$.
( $\prod^{r}\backslash \mathrm{t}\mathrm{S}]$ )




$LU_{k+1}=-R\mathrm{o}$ Uk\mbox{\boldmath $\tau$} $:\mathrm{n}d$ , $\grave{\acute{\mathrm{A}}},$ $.\partial_{\}\prime\prime}$ $(k=0,1,2, \cdots)$ .





$w=-\alpha_{j}(.0)$ ($j=1,2,$ $\cdots,$ fft) $w=\infty$ $\mathrm{f}\mathrm{f}\mathrm{l}\text{ _{}\backslash }$ $I_{\lrcorner}$ . $L\iota t=0$
$l_{\mathit{1}}t$ $O(|\iota v|^{-1})$ .
3.1. $=0$ $u$ $\alpha_{j}$-pure , ),4r $=-\alpha_{l}(0)(l\neq j)$
( $u$ $w=-\alpha_{j}(0)$ ).
7 $\alpha_{j}- \mathrm{p}\iota 11^{-}\mathrm{e}\text{ }b\tilde{\cdot}$ $i_{\mathit{2}}$
.
\acute \Lambda ‘h 2 \yen / $\dagger \mathrm{g}$ .
3.2. $=0$ {Ltl3uZ’... , ,,} , $u_{j}(j=1,2, \cdots m.)7fJ^{\grave{\grave{1}}}\alpha_{j}$ -pure
.
33. $\iota\iota’=-\alpha_{2}(0),$ $-\%(0.),$ $\cdots,-\alpha_{n},(0)$ $F(\mathrm{t}\sqrt J)$






(3-1) $D_{j}$ $:=\{w\in \mathbb{C};|w+\alpha_{j}(0)|\leq\delta_{0}\}(.j=2,3,\cdots,m)$ ,
(3.2) $\Omega^{1}$ $:=\{\uparrow||J\in \mathbb{C};w\neq 0,$ $|\mathrm{a}1_{\Leftrightarrow|\leq\pi-\epsilon\}}^{\sigma_{1\cdot 1’}}$.
.
18
$w=\infty$ , $\beta\circ Q\mathrm{o}\beta^{-1}$ $\mathrm{t}^{\gamma}|-(\lambda+1$} $\overline{4}\lambda+1$
, $\sim’-(\lambda+1)\circ(\beta\circ Q\circ\beta^{-1})\circ_{\angle}^{\kappa\lambda+1}$, , , $w$
$(\beta \mathrm{o}Q\circ\beta^{-1^{\sim}}.)U(\mathrm{t}\mathrm{t}’,\partial_{t}.)=(L+R\circ\dot{)}U(\}\{J,\partial_{l})=0$
$\mathrm{f}$. w=z-(\lambda l) ,
$\mathrm{z}^{m}(M+N\circ)(\mathrm{z}, \partial_{-}\forall.’\partial_{t})V(_{\sim}7, \partial_{I})=0$
. $M=\overline{4}-(k+1)L_{\mathrm{v}}7\lambda+1$ , $N$ .
$\epsilon_{0}>0$ , :
(3.3) $X:=\{(F(w),G(z))\in F_{w}^{j}.\cdot(\Omega^{1})\mathrm{x}\mathit{5}_{i:}^{!}(.B(0;\epsilon_{0}^{1/(\lambda+1)}))$
; $?t’F(w.\cdot)=G(_{\overline{4}})$ with $w=r^{-\{\lambda+1)},0<\sim|_{\mathrm{t}}^{\mathrm{y}}|<\epsilon_{0}^{1/(i\mathrm{L}+1\}},$ $| \arg_{4}.|<\frac{\pi}{2(\lambda+1)}$ }.
, :
(3./4) $X:=\{(F(\}(r),G(_{\overline{L}}))\in X;G^{(l)}(0)=\mathrm{O}\mathrm{o}$. $.’ l=0,1,2,\cdots$ $l?\iota -1}\subset X.




35. $F(w)\in$ , $(\zeta\not\supset^{1})$ $G(_{k}^{\mathrm{v}})-\in ff_{\wedge}.,(B(0;\delta_{\}}‘))$ , :
(3.5) $||F||_{k}:=_{0\leq t\leq k_{w\in\Omega\}}} \max \mathrm{S}\mathfrak{U}\mathrm{p}|\partial_{w}^{f}F()\{\mathrm{Z})|$ ,
$(3\iota 6)$
$||G||_{k}’:= \max_{0\underline{\backslash ’}l\leq k}\sup_{\mathrm{Z}\overline{\mathrm{c}}B(0\cdot\delta_{0})},|[\partial_{\gamma\varphi}^{l}]G(\mathrm{z})|$
.
$-arrow.\acute{\mathrm{C}^{\backslash }.}[\partial_{\}\nu}^{k}]G(z)l\mathrm{h}7=0\text{ }\grave{\not\supset}El_{\Gamma_{\mathrm{J}}}^{\#}\sim\acute{\mathrm{c}^{\backslash }.}\sigma)(_{\overline{J}}^{\vee}\text{ }lJ, \mathfrak{j}|\lambda=\infty\overline{\mathit{0}f}_{\grave{\mathrm{I}}}gf_{\gamma_{\lrcorner}^{\zeta}\check{\mathrm{L}^{\backslash \cdot \text{ })}}}^{\not\simeq}G(_{\overline{\mathrm{c}}})\prime\prime\backslash ^{\gamma\gamma}J\partial_{\backslash 1^{\gamma}}^{\mathrm{A}}$ r-7y $f’\mathrm{E}$
$\mathrm{f}\mathrm{f}\mathrm{l}\not\in;\text{ ^{}j_{\mathcal{D}}\text{ }}\prime \mathit{2}\text{ }\mathrm{r}\rangle,$
$[ \backslash ,\mathrm{k}]\# 3\mathrm{i}1r1’J\not\in)\acute{\mathrm{c}}-;narrow \mathrm{t}\backslash 1\supset\backslash \Xi\int \mathrm{J}-,\acute{\tau}_{\llcorner}^{arrow}\dagger\not\in \mathrm{f}\mathrm{f}\mathrm{l}\backslash *arrow \text{ _{}i^{>}}?.\cdot\vec{\iota.}t\dot{\mathrm{J}}7\theta$ .
3.6. $(F(.\mathrm{t}r’),G(\mathrm{z}))\in X$ :









$ln-1$ , $m\geq 1$ ,
$0_{\}}$ $m=0$.
, ;
(3.9) $| \}(F,G)||_{l+\frac{\acute{\mathrm{A}}}{\lambda+1}}:=\sum_{k_{-}^{P--}0}^{\lambda}||\partial_{\dagger \mathrm{t}}^{\frac{k}{\acute{\mathrm{A}}+1}},(F,G)||_{l}$ .
$\sum_{k=0}^{(\lambda+1)l+\lambda}|\downarrow\partial_{1V}^{\frac{\mathrm{A}}{\lambda+1}}.(F,G)||_{0}$ $\prod\overline{-}\mathrm{f}\cdot\not\in$1 .
20
3.7. $G$ $F$ , $(.F,G)$ $F$
.
Gronwall , .
3.8. $LU=F\in X\circ$ , $C>0$ $(UV)\}\in$
$X$ :
$||(U\backslash V.)||_{7l},\leq C||(F,G)||_{0}$ .
39. $||(F,G)f|\lambda$ $<\infty$ $(F,G)\in X^{\mathrm{o}}$ $LU=F$
$\overline{\dot{\lambda}+1}$
. , $C$ $(.U, V)\in X$ :
$||(U,V)||,\leq’C||(F^{2},G.)||_{\frac{\lambda}{\lambda\dashv- 1}}rt+_{\lambda^{\frac{\lambda}{+1}}}\cdot$
$LU=F$ $\alpha_{j}- \mathrm{p}\iota 1\Gamma \mathrm{e}$ 33 ,
$\alpha_{j}$-pure ( $\langle\rangle$ .
310. $LU=F$ , $\mu$ $C>0$
:
$||U||_{\mu_{\mathfrak{l}\hslash}}.\leq C(||F||_{\mu,0}+|U(_{\mathrm{V}_{0}^{l}})|)$ .
, $1\cdot \mathfrak{l}_{0}^{t}.\in \mathbb{R}$ , Exj-puI
.
311. $C>0$ :





41. $U= \sum_{\mathit{1}^{=0}}^{\infty}U_{j}(.w)\tau^{-j/(\lambda+1)}$ $U_{i}(w)$ $\Omega^{1}$ ,
$N_{m},(U,V;T)(m’=0,1,2, \cdots)$ :
(4.1) $N_{m’}(.U,V;T):= \sum_{j_{7}t}\frac{T^{2j+l}}{(_{\lambda\mp}^{i+}\frac{l}{1})!}\{\}|\partial_{w}^{\mathrm{X}^{\frac{t}{+}}\overline{1}}U_{j}(\tau\iota’)||_{rr\iota’}+\}|[\partial_{\}\{}^{\frac{t}{\lambda+1}},]V_{f}(_{\vee}7)\}|_{m^{\mathit{4}\}}}’$.
, $U_{j}(\mathrm{w}^{f})$ $V_{j}(_{4}’$ } $V_{i}(\tilde{<.})$ $=n\prime U_{j}(.w)$ , $( \frac{j+t}{\lambda+1})!=\Gamma(\frac{j+I}{\lambda+1}+1)$







42( ). Uo\equiv U00 \Omega 1. $LU_{0}=0$ . $U_{h^{-}}= \sum_{i=-\infty}^{0}U_{jk}$
$\partial_{w}^{l}U_{k}|_{w=0}=0(l=0,1,2, \cdots,m-2;k\geq 1)$
$U_{k^{-}}\zeta.k=1,2,$ $\cdots\dot{)}$ .
$U= \sum_{\lambda=0}^{\infty}.U_{k}$ $N_{m}(.UV;\}T)$ - ,
$(L+R\circ)U=0$
\mbox{\boldmath $\omega$} .
. , $w$ $1\cdot 1^{J}=\infty$
, $w=$ $4^{=w^{-\{\lambda+1\rangle}}7$ , .
, .
4.3. $\prime \mathrm{f}\mathrm{f}4;\mathrm{i}\backslash \mathrm{F}\text{ }$ $LU=F$ , $F= \sum_{j=0}^{\infty}F_{j}(.w)\tau^{-\frac{j}{\acute{\lambda}+1}}$ $U= \sum_{j=0}^{\infty}U_{j}(\mathrm{t}V^{\backslash _{\tau^{--\frac{i}{\acute{J}t+}}\overline{1}}}./$
$F_{j}$ $U_{j}$
$\Omega^{1}$ . , $T$
$\Phi(’T)$ , $F$ $U$ :
$N_{m}(.U,V;T)\ll\Phi(.T)N_{0}(.F,G;T,)$ .
44. $T$ $\phi_{1}(T)$ . , $\psi_{1}(0\grave{)}=0$
.






























, $j$-pure , ( ).
7 Legendre $1\mathrm{d}$
,
, ] $\mathrm{d}$ ,
$F$-mild . , $x$
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